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O N E - D I M E N S I O N A L  P U L S A T I O N  O F  A 

C A V I T Y  IN A C O M P R E S S I B L E  L I Q U I D  

V. K.  K e d r i n s k i i  

T O R O I D A L  G A S E O U S  

UDC 532.5.013.2 +534,222.2 

Let us d iscuss  within the f r a m e w o r k  of the acoust ic  approximat ion  the p rob lem of the pulsation of a 
toroidal  cavi ty  fo rmed  as  a r e su l t  of the explosion of a r i ng - shaped  explosive charge  on condition of the fulfi l l-  
merit of the inequality a >>R, where  a =const  is the rad ius  of the to rus  and R is the rad ius  of the cavity.  At the 
s a m e  t ime  the c ro s s  sect ion of the toroidal  cavi ty  p rac t i ca l ly  p r e s e r v e s  the shape of a t rue  c i rc le ,  as the ex-  
pe r imen ta l  data show, during a single pulsation per iod when a ~- 10aR, and during a single ha l f -per iod  of pu lsa-  
tion when a ~- 10~R.. (R.  is the rad ius  of the charge) .  The p rob lem of the pulsation of a gaseous torus  in an 
incompress ib l e  liquid has  been d i scussed  in [1]; however ,  it does not offer the possibi l i ty  of evaluating such an 
impor tant  p a r a m e t e r  as the m a x i m u m  radius  of the expanding cavi ty ,  and consequently,  the energy  distr ibution 
among the detonation products  and the shock wave in the case  of an explosion with axial  s y m m e t r y .  

The solution of the indicated p rob l em  is f raught  with many difficult ies,  in pa r t i cu la r ,  the complexi ty  of the 
solution of the wave equation. The re fo re ,  it is n e c e s s a r y  f i r s t  of all  to find a method of cons t ruc t ing  an equa-  
tion of one-d imens iona l  pulsat ion which would p e r m i t  s impl i fy ing  the p rob lem posed. Since an express ion  for  
the veloci ty  potential  can be found for  a number  of spat ia l  potential  p rob lems  of an ideal incompress ib le  liquid 
in the case  of specif ied a s sumpt ions ,  an a t tempt  to use it for  the t rans i t ion  to acoust ic  models  is natural .  The 
prac t icab i l i ty  of this method is shown below in the example  of the construct ion of the equation of one -d imen-  
sional pulsat ion of bubbles.  

w 1. Let the veloci ty  potential  in the case  of an incompress ib le  liquid have the f o r m  ~ =~ (t)/f(r). Then its 
acoust ic  ve r s ion  can be r e p r e s e n t e d  as ~ =r  ( t - r / c  a)/f(r). Since potential  flow of a liquid u =-Vq~ is being 
d iscussed,  where  u is the veloci ty  of a fluid pa r t i c le ,  then 

u = r 2 "~- r  (1.1) 

where  the p r i m e  denotes a der iva t ive  with r e s p e c t  to [ = t - r / c  0. The C a u c h y -  Lag-range integral  with the 
f o r m  of ~ taken into account can be wr i t ten  as  

r - / ( o ~  ~- u2/2), (1.2) 
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where  ~ = f  d p / p ,  p is the p r e s s u r e  in the liquid, and p is its density.  
an express ion  for  r 

, 9  = f ' [ u  - -  ( o  + uY2 ) / co] / /T .  

Let us take the der iva t ive  of this express ion  with r e s p e c t  to t ,  and we obtain 

�9 (D' = f - [ u  t - -  ( o ~ t +  uu~) /co] / f r .  (1.3) 

02 the ba s i s  of the continuity equations (acoustic vers ion)  and momentum conserva t ion  

u r + . v u / r  = - -  (&o/dt)/c2o, Oo~/Or = - -  d u ' d t ,  

where  v =0,  1, 2 a r e  for  the two-d imens iona l ,  cy l indr ica l ,  or spher i ca l  ca ses ,  r e spec t ive ly ,  let  us find ex p re s -  
sions for  the pa r t i a l  de r iva t ives  u t and ~ t  in (1.3). They a r e  of the f o r m  

u t = d u / d t  -~- vu~ -k  u (&o/d t ) / c~ ,  (1.4) 

o) t = d (o /d t  + u (du . 'd t ) .  

Substituting (1.4) into (1.3) and equating the express ion  obtained to "Eq. (1.2), we finally obtain 

, , q o 9 f (i - -  2U/Co) d u / d t  ~ v l u  2 (I - -  u / c  o - -  r f r / 2 V f ) / r  = O~]r -7 ] ( & o / d t ) ( l  - -  u / c  o "T u ' /c5) /Co.  (1.5) 

In (1.5) it is poss ib le  to p roceed  to the cavi ty  wall  by set t ing r =R, u =dR/dt ,  and o~ = [p(B)-poo]/p0, where  
p(R) is the p r e s s u r e  in the cavi ty ,  P~o is the p r e s s u r e  at infinity, and p 0 is the densi ty of the undis turbed liquid. 
Thus we have for  a two-d imens iona l  cavi ty  (u =0, f = l ,  f r  =0) 

[t - -  2 ( d R / d t ) / c o ] d 2 R / d t  2 = [ i  - -  ( d R / d t ) / c  o - -  (dR/dt)2/cao] (do)/dt) /co;  

for  a spher ica l  cavi ty  (u =2, f =4, fr  =1) 

R [t - -  2 ( d R / d t ) l c  o] d"-R/dt"- + ( 3 / 2 ) ( d R / d t ) " - [ l  - -  4 ( d R / d t ) / 3 c  o] = 

= r + (R/%)(do~/dt)[ i - -  (dR~dr)/co + (dR/dt)2/c~]; 

and for  a cyl indr ica l  cavi ty  (u = 1, and using the R i c e - G i n e l l m o d i f i c a t i o n  of the Kirkwood--Bethe approximat ion  

[2], we se t  f = r I/2 and f r  = r - l / 2 /2 )  

R [1 - -  2 (dR /d t ) / co]  d " R / d t  2 + ( 3 / 4 ) ( d R / d t )  2 [l --  4 ( d R / d t / 3 c  o] = 

= o~/2 + (R/co)(do~/dt)[ i - -  (dR~tit)l% + (dn/dt)Ydo].  

All th ree  equations c o r r e s p o n d  exact ly  to the equations der[ved on the bas i s  of the K i r k w o o d - B e t h e  a p p r o x i m a -  
tion [2] for  the acous t ic  ca se  

( O/Ot § CoO~Or ) G - -  O, 

where  G = r  u / 2 ( w  +u2/2), which is a lso  der ived in the method expounded above. 

The p roposed  method of finding the pulsat ion equation of a cavi ty  is r a t he r  s imple .  However ,  it st i l l  can-  
not be used in two-d imens iona l  p rob l em s  because  of the fact  that in this case  the continuity equation does not 
allow rep lac ing  par t ia l  de r iva t ives  of the veloci ty  components  by the total  der iva t ives .  Analys is  of the method 
has shown that  it a l lows a s impl i f ica t ion  which r educes  to the following. Let us a s sume  that  it is poss ib le  to 
neglect  in the continuity equation the t e r m  ( ~ / d t ) / c ~ ,  i .e. ,  to a s s u m e  that the re la t ion  among the veloci ty  com-  
ponents is de te rmined  essen t i a l ly  by  the l imi t s  of an ideal i ncompress ib l e  liquid. At the s ame  t ime,  i f a s o l u -  
tion of the Laplace  equation for  the veloci ty  potential  is found and the boundary conditions aff i l iated with the 
co r respond ing  s ta tement  of the p r o b l e m  pe rmi t  separa t ion  of va r i ab les ,  each veloci ty  component  is exp re s sed  
i:n t e r m s  of a total  de r iva t ive  of the cavi ty  rad ius  with r e s p e c t  to t. 

One can show that  the assumpt ion  made has an insignificant effect  on the f o r m  of (1.5): The t e r m s  u /c  0 
and u2/c0 2 aff i l ia ted with d~ /d t  on the r i g h t - h a n d s i d e o f t h i s  equation in pa ren theses  d isappear .  But it is a lso 
: ~ s s i b l e  to neglect  t hem within the f r a m e w o r k  of acous t i cs ,  s ince the main losses  to radia t ion a r e  de termined,  
in the case  of the pulsat ion of a cavi ty  in an incompress ib l e  liquid, by the t e r m  (R/c 0) (dw/dt). We will use  the 
:results obtained to find the pulsat ion equation of a toro ida l  cavity in the acoust ic  approximat ion ,  and we will 
eompai 'e  the pulsat ion p a r a m e t e r s  calculated f r o m  it with exper imenta l  data. 

w 2. Let t he r e  occur  in a liquid a toro ida l  cavi ty  f o r m e d  as the r e su l t  of the " instantaneous" explosion of 
a r ing  charge  whose l inear  d imensions  sa t i s fy  the inequality a >>R. Then it is poss ib le  within the f r a m e w o r k  of 
the r i n g - s o u r c e  approx imat ion  to wr i te  the following express ion  for the veloci ty  potential:  

F r o m  (1.1) and (1.2) it is poss ib le  to find 
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q~ = - -  (al2n) ~ ~ (t --//Co) dot~I, (2.1) 
0 

where  ~ =dS/dt;  S = r R  2 is the c r o s s - s e c t i o n a l  a rea  of the torus ,  f = V z ~ + r ~ -4-a~-2ar  cos r inthe cyl indrical  
coordinate sys tem (z, r ,  ~), and ~ is figured f rom an a rb i t r a r i ly  selected direct ion in the plane of the torus .  Ac -  
cording to Sec. 1, it would be possible to wri te  out in explicit f o r m  an express ion for ~ in the case  of an in- 
compres s ib l e  liquid. It is not clear  in this connection how to wri te  the argument  of the function r upon a 
t rans i t ion  to the acoust ic  model. There fore ,  let us p r e se rve  the express ion  for  the ,r potential in  the 
fo rm (2.1), having stipulated that it is poss ible to r emove  t h e  funct ion q~':from:under :the integral  sign. This  
assumption i s n o t  essent ial  to the construct ion of  the  pulsat ion equation of a cavity and can  h a v e a n  effect only 
4n the  evaluation of the fine s t ruc tu re  o f  a shock wave in the z o n e n e x t  t o s  charge.  

By analogy with what has been stated above it is possible to write 

r = (2nla)(o) -t- VII2) da l I  , (2.2) 

a �9 (1 lz! da  u q- v 

o co d a / I  �9 

where u, v, and V are  the components and the tota l  veloci ty of a fluid part icle.  Let us take the part ia l  derivative 
of the second equation in (2.2) with r e spec t  to t .  Then, removing  q~' f rom under the integral sign, we obtain 

ar dcz u t + v t da,  
o c, da// "o 

It can be shown that co t = d w / d t  r The part ia l  derivat ives ut and vt will be found f rom the solution 

for  an incompress ib le  liquid. At the same t ime,  using the express ion q~ = - -  (a/2u) (I) .f da/], for  the velocity 
potential, we finally obtain 0 

u~ = d u / d t  - -  (a /2n)  q~ u ( / . I P  - -  212~1f ~) d e  + v . (G J r  ~ - -  2 G L / I  3) d e ,  
0 

(2.3) 

v, = dr/at - - ( a / 2 n ) r  u (f,z/l 2 -  2lr]z/la)d= + v ( I , z l l  2 -  212//3)da . 
0 

Substituting the express ions  for  ~0t, ut, and v t obtained in (2.3) and express ing r  f r o m  the f i r s t  Eq. (2.2), 
we obtain 

where 

(i  - -  2Flu)du/dt + (1 --  2Fly)dr~dr - - ( g / a ) ( F o / F ) ( u  2 + v 2) -{- 

-4- ( a/2~)(I)F1F2u z + ( a/2~)(1)F1F3 v~ + ( a/~)~F1F 4uv - -  ( a/2~)(l)( F2 + 

-k- F 4)u --(a/2n)(D(F3 -k- F 4)v = ( 2n/a)( Fo/F)o) -4- Fld(t)/clt . . . . . .  (2.4) 

eo = (a/2.) ~ 1-2 q .  + l~)d,z; e = ~ d~/l', 

F,  = r '  (I, + = oS I ( I .  - 

Fa = S 1-2 (]~ - -  2]2/]) da; F ,  -= y i - 2  (frz - -  21~]~/]) da; 
0 0 

q~ = 2~R (dR/dt).  

In final fo rm the functions F a re  wri t ten ha the following way: 
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a [2r 2 --  a ~- - -  (z ~ r) z ] 2K (k) 
F~ = 2ar | '  z ~ =- (r -r- a)"- [ z2 4- (r - -  a) 2 E (k) -4- K (k) , F V'z ~ + (r q- a)~' 

aVs  2rO---a~---(r--:) '- I ,  ~:_=~//"  4at 
F ,  = 4rcoK (k) L t -Jr- V [z"- -~ (r -1- a)~][z ~ h- (r - -  a)21 - ~- (r -~ a) ~-' 

3K (k) 3 (:~ - '  a -~) - -  r"- E (k) 
F,. = - -  2,"-- tzz,~ - "  (.r T a f  q- r2 [z ~- -= (r --  a)q g z  ~ ~ (r =- a)~ 

(z ~" 4- a ~-- rap I/Z = -~ (r -2a)~ {4 (z~ E (k) - -  [z 2 + (r ~ a)2]K (k)}, 
- -  2r" [ z  "a ~, ( r  - -  a)"- ]~z  'z "7- ( r  - 7  a)~'] ~" 

2E (k) ..... 2:2 V z ~ -- (r--7 a) ~ {4 (z ~ _ .{_ 

§  = q - a  = ) E ( k ) - [ z  = q - ( r - a )  = ] K ( k ) } ,  F a =  

3zE (k), z (z-" + a2 - -  r=) V'z ~" +"(r - ' ~ ) '  {4  (z'- + r = -4- 
= - -  r [z z § (r - -  a)'-I V z " -  n -  ( r  - c  a )  ~ -~ r [z"- -i-  ( r  - -  a)Zle[z -" -r- (r -r- a)* t ~ 

+ a 2) E (k)  - -  [z~ -t- ( r  - -  a)~l K (k)},  

w h e r e  K(k) and  E(k) a r e  the  c o m p l e t e  e l l i p t i c  i n t e g r a l s  of  the  f i r s t ' a n d  s e c o n d  k i n d s ,  r e s p e c t i v e l y ,  a n d k  is t h e i r  
m o d u l u s .  P r o c e e d i n g  to  the  w a l l  of the  t o r u s ,  we  o b t a i n  f r o m  (2.4) a f t e r  a n u m b e r  of  r e a r r a n g e m e n t s  in the  
e x p r e s s i o n s  fo r  the  c o e f f i c i e n t s  F the  p u l s a t i o n  equa t ion  of a t o r o i d a l  g a s e o u s  c a v i t y  in  a c o m p r e s s i b l e  l iqu id  

{ [1 - -  2n(dR/d t ) / co ln (8a /B  ) ]Rd"R/dt" q- 

q- [1 - -  a(dR/dt)/coln ( 8a/ R)  ]( dR/dt )  a }in(8a/R) - -  ( dR'dt)~/2 = 

= ~ -? ~(R/Co)(dm/dt ). (2.5) 

On the  b a s i s  of Eq. (2.5) a c a l c u l a t i o n  has  b e e n  c a r r i e d  out of the  p u l s a t i o n  p a r a m e t e r s  of the t o r o t d a l  
c a v i t y  f o r m e d  a s  the  r e s u l t  of the  e x p l o s i o n  of an  e x p l o s i v e  r i n g  (the e x p l o s i v e  ts hexogen ,  t he  d e n s i t y  of the  
c h a r g e  is p .  =1 .55  k g / c m  a, the  de tona t i on  r a t e  is  D = 7 . 7  k m / s e c ,  and  the  c h a r g e  d i a m e t e r  i s  d = 0 . 6 5  mm) .  
Since  the  e x p e r i m e n t a l  i n v e s t i g a t i o n s  wi th  which  the  c a l c u l a t e d  da t a  a r e  c o m p a r e d  be low w e r e  p e r f o r m e d  wi th  
c h a r g e s  hav ing  a c o p p e r  s h e l l  and  the  f i n i t e n e s s  of the  de tona t i on  r a t e  had  p r a c t i c a l l y  no e f fec t  on the  shape  of 
the  c a v i t y ,  t he  i n i t i a l  p a r a m e t e r s  of the  p r o b l e m  w e r e  d e t e r m i n e d  f r o m  the  d e c a y  cond i t i on  of an  a r b i t r a r y  e x -  
p l o s i o n  in t he  c a s e  of , ' i n s t a n t a n e o u s "  de tona t ion ,  and  the  d a t a  of [3] w e r e  u s e d  fo r  the  i s e n t r o p i c  index.  

The  r e s u l t s  of the  c a l c u l a t i o n  a r e  g iven  in T a b l e  1, w h e r e  a o = a / R . ,  yO = R 0 + / R . ,  yO = R O / R . ,  R o  and  R ~ 
:are the  m a x i m u m  and  m i n i m u m  r a d i i  of the  c a v i t y  at  the  i n s t a n t s  of the  f i r s t  e x p a n s i o n  and the  f i r s t  c o l l a p s e ,  
: r e s p e c t i v e l y ;  t o is  the  t i m e  of e x p a n s i o n  out  to R ~ (one ha l f  of  the  f i r s t  p u l s a t i o n  p e r i o d ) ;  E i s  t he  f r a c t i o n  of the  + 
e n e r g y  r e m a i n i n g  in the  de tona t ion  p r o d u c t s  a f t e r  the  f i r s t  e x p a n s i o n  of the  c a v i t y ;  and a 0 = ~ c o r r e s p o n d s  to an 
in f in i t e  c y l t n d r t e a l  c h a r g e .  

It i s  p o s s i b l e  on the  b a s t s  of t he  c a l c u l a t t o n a l  and  e x p e r i m e n t a l  r e s u l t s  p r e s e n t e d  tn T a b l e  1 to no te  the  
fo l lowing :  

a) a s  the  r a d i u s  of  the  r i n g  c h a r g e  i n c r e a s e s ,  the  v a l u e s  of the  p u l s a t i o n  p a r a m e t e r s  y0+ and yO, wh ich  
c h a r a c t e r i z e  the  e n e r g y  b a l a n c e  of the  e x p l o s i o n ,  a s y m p t o t i c a l l y  a p p r o a c h  the  c o r r e s p o n d i n g  v a l u e s  of the  
p a r a m e t e r s  of an  e x p l o s i o n  wi th  c y l i n d r i c a l  s y m m e t r y ;  

b) the  c a l c u l a t e d  d a t a  a g r e e  s a t i s f a c t o r i l y  wi th  the  e x p e r i m e n t a l  da t a  fo r  a 0 > 3" 10s; 

e) the  r i n g  g e o m e t r y  of t he  c h a r g e  has  a s i g n i f i c a n t  e f fec t  on the  p u l s a t i o n  p e r i o d  of  a c a v i t y  wi th  d e t o n a -  
t ton  p r o d u c t s :  E v e n  at  a r i n g  c h a r g e  r a d i u s  of a =10 m (data  u n d e r  No. 6 in T a b l e  1) the  p u l s a t i o n  p e r i o d  of the  

TABLE 1 

NO, 

' l  
2 

3 

4 

5 

6 
7 

(1 O 

1,54.102 
3,08. l(, 2 
4,(/9.10 ~ 
1,54.10 a 
3,08.103 
3,08.104 

r 

Calculation 

Y~U y0 tG.R~ "-1, 
- sec/cm 

4,02 
3,82 
3~,72 
3,48 
3,37 
3,09 
3.15 

125,83 
i27.8 
128.8 
131,5 
132.8 
136 A 
l 9),9 

Experiment 

[ Sec/cm I 

0 ,2 t '  I t03 
0,21 t19,5 
0,256 i23,6 
0,3 
0,323 
0,39i 
0.2 135 

0.21 
!t.237 
0,286 

0.2 

E, % 

tl,8 
15.9 
i7,0 

22 
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to rus  exceeds  by p rac t i ca l ly  a fac tor  of two its value for  a cyl indr ica l  explosion; the exper imenta l  r e s u l t s  con-  
f i r m  the tendency toward  an i nc r ea s e  of the pulsat ion per iod upon an Inc rea se  in the rad ius  of the r ing;  and 

d) accord ing  to the expe r imen ta l  data,  as the r ad ius  of the r i n g d e c r e a s e s  (with fulf i l lment  of the condition 
of mainta ining the toro ida l  na tu re  of the cavity),  the f rac t ion  of energy  n e c e s s a r y  for  the shock wave inc rea se s  
and amounts  to p rac t i ca l ly  90% for  a value a 0 ~" 150; as  the rad ius  of the r ing  i n c r e a s e s ,  the energy  ba lance  ap-  
p roaches  the data for  an explosion with cyl indr ica l  s y m m e t r y .  

The r e s u l t s  p resen ted  for  our invest igat ions con f i rm  the p rac t i cab i l i ty  of the method proposed in this 
paper  and the pulsat ion equation (2.5) obtained on this bas i s  for  a toro ida l  cavi ty  in a c o m p r e s s i b l e  liquid. 

The author is gra tefu l  to V. T. Kuzavov for  a s s i s t a n c e  in conducting the exper iments .  
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S H O C K  S T R U C T U R E  IN A L I Q U I D  C O N T A I N I N G  G A S  

B U B B L E S  W I T H  N O N S T E A D Y  I N T E R P H A S E  H E A T  T R A N S F E R  
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In this a r t i c l e  the one-ve loc i ty ,  t w o - p r e s s u r e  model  of a two-phase  mix tu re  [1] is used in conjunction with 
the heat -conduct ion equation for  the in ter ior  of bubbles in a bubb l e - l i qu id  mix tu re  to desc r ibe  the s t r u c t u r e  of 
a shock wave in such a mixture .  

Shock waves  in a liquid containing gas bubbles have been invest igated theore t ica l ly  and exper imenta l ly  
[1-4]. The s t ruc tu re  of a shock wave in such a med ium has been  studied with al lowance for  the compre s s ib i l i t y  
of the host  phase  as  well  as  two-veloc i ty  and t w o : t e m p e r a t u r e  effects  [5], and it has been shown In the s a m e  
work that in the case  of t h e r m a l  nonequi l ibr ium the ro le  of two-ve loc i ty  effects  becomes  inconsequential  against  
the background of the much s t ronge r  t h e r m a l  diss ipat ion.  In this connection the p resen t  d iscuss ion is f r a m e d  
in the one-ve loc i ty  model  for s impl i f ica t ion  [6]. The object ive  of the p resen t  study is to re f ine  the r e su l t s  of 
[6] and to t es t  the appl icabi l i ty  of the fixed h e a t - t r a n s f e r  coeff icient  or  Nussel t  number  de te rmined  f r o m  the 
approximat ion  of a thin t h e r m a l  boundary  layer  to the ca se  of nonsteady heat t r a n s f e r  between a pulsat ing bubble 

and the host  liquid. 

w 1. F u n d a m e n t a l  E q u a t i o n s  

We consider  the motion of a liquid in which gas bubbles  a r e  suspended and for  which  the following bas ic  
assumpt ions  a r e  made [1]: 1) The dis tances  over  which the flow p a r a m e t e r s  exper ience  any apprec iab le  v a r i a -  
tion a r c  much g r ea t e r  than the d is tances  between bubbles ,  and the la t ter  d is tances  in turn a r e  much g r ea t e r  
than the bubbles t h e m s e l v e s  (i.e., the contents by volume a 2 of the gas phase  a r e  smal l ,  a 2< 0.1); 2) the mix tu re  
is monod i spe r se ,  i .e. ,  in every  e l e m e n t a r y  volume al l  the bubbles a r e  spher i ca l  and have the s a m e  rad ius  R; 
3) v i scos i ty  and heat conduction a r e  essen t ia l  only in in te rphase  p r o c e s s e s  and, in pa r t i cu la r ,  during bubble 
pulsat ions.  

Moscow, Ufa. T rans l a t ed  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiz iki ,  No. 3, pp. 67-74, May-  
June,  1977. Original a r t i c l e  submit ted  .May 13, 1976. 
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